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A quadrangle in a linear space can have at most 3 diagonal points. Denoting 
by d(Q) the number of diagonal points of a quadrangle Q, we say that a linear 
space L is of type T C (0, 1, 2, 3), if T is the set of values taken by d(Q) for all 
quadrangles Q in L. This determines a classification of linear spaces into 16 
possible types. In this paper we show that the only type {I, 3) linear space in 
which all lines have finite cardinality is the one obtained from the projective 
plane of order 4 by deleting two lines together with all their points except the 
point of intersection. 
1. JNTRODUC~ON 
Let us recall that a linear space L is a set of elements, called points, together 
with distinguished subsets of cardinality at least two, called lines, such that 
every pair of distinct points is contained in a unique line. A line of L will be 
called a prqjective line if it meets all lines of L. 
A quadrangle Q of L is a set of four points, any 3 of which are non-collinear. 
A diagonalpoint of Q in L is a point p E L \ Q such that any line joining p to a 
point of q intersects Q in exactly two points. Clearly Q can have at most 3 
diagonal points. Let d(Q) denote the number of diagonal points of Q. We 
shall say that L is a linear space of type T, where T C (0, 1, 2, 3}, if T is the 
set of values taken by d(Q) for all quadrangles Q in L. 
As was mentioned in [I] the type of a linear space determines a classification 
of the class of all linear spaces into 16 subclasses corresponding to the 16 
subsets of (0, 1, 2, 3). In [I] the authors determined all linear spaces of type 
# (no quadrangles), t ypes (i), i = 0, I, 2, 3, and types (2, 3) (with all lines 
having finite cardinality) and (0, 3). Our purpose here is to determine all type 
{I, 3: linear spaces in which all lines have finite cardinality. That is, we wish 
to prove the following: 
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THEOREM: L is a type {I, 3) linear space in which every line has $nite 
cardinality ifand only ifL is the unique linear space obtainedfrom the projective 
plane of order 4 by deleting two lines together with all their points except their 
point of intersection. 
2. PRELIMINARIES 
LEMMA 1. If L is a type {I, 3) linear space, then any two projective lines 
have the same cardinality. 
Proof. This is immediate unless all the points of L are contained in the 
two projective lines. But that would imply that there are no quadrangles 
with 3 diagonal points, a contradiction. 
LEMMA 2. If L is a type {I, 3) linear space, then any two non-projective 
lines have the same cardinality. 
Proof. Let x and y be any two non-projective lines. Let x’ and y’ be lines 
disjoint from x and y respectively. 
Case (i). x, y, x’, y’ are all distinct and x, x’ meet both y, y’. 
Let q1 , q2 , q3 , q4 be respectively x n y, x n y’, x’ n y’, x’ f~ y. In quad- 
rangle (ql , q2, q3, q4) we have qIq3 meeting q2qa at a point q5 (see figure 1). 







symmetry there is also an injection f’: x -+ y and we shall get / x ( = / y 1, 
where ) x 1 denotes the cardinality of x. Let us define for p E y, 
f(p) = 1;;; ; ," ft;;;wEts-x' 
Suppose p E y and that q5p n x = 4. We must show that q3p meets x in 
order to show that f is defined on all of y. In quadrangle (ql , q2, q5, p) we 
have q2p missing q1q5 and hence in quadrangle (ql , q2 , q3, p) we get qsp 
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meeting q1q2 = x at a point r. To show that f is an injection we need only 
show that q5r misses y. This is immediate from quadrangle (ql , q5 , p, r). 
Case (ii). x is disjoint from y. 
Let p, p‘ be distinct points of x and q, q’ distinct points of y. Then eitherpq 
misses p’q’ or pq’ misses p’q by considering quadrangle (p, p’, q, q’). With- 
out loss of generality we have pq missing p’q’. Then by case (i) we have 
1x1 = Ipq1 and also lyj = lpq) andhence Ix/ = lyj. 
Case (iii). x meets y. 
If there is a line z that misses both x and y, then by case (ii) we have I x I = 
I z / = I y 1. So let us suppose that this is not the case. Then x’ meets y and y’ 
meets x. If x’ meets y’ we have case (i) and we are finished. If x’ misses y’ 
then by case (ii) we get 1 x 1 = / x’ 1 = I y’ 1 = ( y 1, and we are again 
finished. 
LEMMA 3. If L is a type { 1, 3)finite linear space with at least two projective 
lines, then all the projective lines are concurrent at a point p and there are 
only projective lines passing through p. 
Proof. Let x, x’ be two distinct projective lines which meet at a point p. 
Now let y be any other line passing through p. Suppose that y is not projective. 
Then let y’ be any line disjoint from y and let q # p be any point of y. Setting 
r = y’ n x and r’ = y’ n x’ (see figure 2), we see that quadrangle (p, q, r, r’) 
FIGURE 2 
has 2 diagonal points, which is impossible. Clearly the cardinaiities of the 
projective and non-projective lines must differ; since there is at least one 
non-projective line (otherwise L is a projective plane, i.e. type {3}), we see 
that the cardinality of p (i.e. the number of lines passing through p) is the same 
as the cardinality of the non-projective lines, and hence all projective lines 
must pass through p. 
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LEMMA 4. If L is a type { 1, 3) finite linear space, the cardinality of a non- 
projective line is at least 3. 
Proof. Suppose there is a non-projective line of cardinality 2. If there 
are at least two projective lines, then by lemma 3 we must have L of type (I} 
as all points would lie on those two lines. This is impossible. So there must 
be at most one projective line, and hence at most one line with more than 
2 points. In this case all quadrangles have no diagonal points, again a 
contradiction. 
LEMMA 5. Let L be a type {I, 3) Jinite linear space, let pq and pq’ be 
two distinct non-projective lines passing through p, let k be the cardinality of the 
non-projective lines, let I be the number of projective lines passing through p 
(by lemma 3 we see that I = 0 or l), and let K be the cardinality of p. If we 
now order the non-projective lines passing through p and distinct from pq and 
pq’, denoting them by zi , i = I,..., K - I - 2, and let ai be the number of 
points r # p on zi such that qr meets pq’, then there are precisely 
K-z--2 2a,(k - 1 - ai) 
c 
i=l k-l-1 - 
lines which meet pq’ and miss pq. 
Proof Let us consider first the line z, . If they exist, let r and s be any 
points of z, different from p such that qr meets pq’ at a point r’ and qs misses 
pq’, and let t be a point of pq’ different from p such that qt misses z, (see 
figure 3). Then in quadrangle (p, q, r’, s) we have sr’ missing pq and in 
? P9’ t P r’ 
FIGURE 3 
quadrangle (p, q, r, t) we have rt missingpq. There are a, possible choices of r 
(and hence r’) and k - 1 - a, possibilities for s (and hence also for t). Thus 
there are at least 2a,(k - 1 - aJ lines joining z, to pq’ which miss pq. To 
show that this is the precise number we need only show that if u, u E z1 such 
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that r’u and tv both miss pq then we must have qu missing pq’ and qv meeting 
pq’, which is true from quadrangles (p, q, r‘, u) and (p, q, t, v) respectively. 
We can carry out the above arguments for each line zi , i = l,..., K - I - 2, 
but in so doing we will have counted each line which meets pq’ and misses 
pq exactly k - I - 1 times. Therefore, if k # I + 1, we have precisely 
K-f-2 2a,(k - 1 - ai) 
c 
1=1 k-f-l 
lines meetingpq’ and missingpq. On the other hand, if k = 1 + 1, then k = 2, 
which contradicts lemma 4. 
LEMMA 6. Jf L is a type (1. 3) finite linear space, then there is at least one 
projective line. 
Proof. Suppose false. Then by lemma 2 we know that the lines of L all 
have the same cardinality k. Let K be the cardinality of the points. Now 
let x and x’ be two intersecting lines of L with u the point of intersection and 
let xi , i = I ,..., K - 2 be the lines of L passing through u and different from 
both x and x’. If a, is the number of points U’ # u on Xi such that PVU’ meets 
x’ for some fixed point w # u on x, then by lemma 5 we see that the number of 
lines that meet x’ and miss x is given by 
(k _ l)(K _ A-) _ y 2ai(kk-w’ ,- ‘i) 
i=l 
(*) 
The summation is maximal when ai = (k - 1)/2 for all i. Therefore we get 
(k - 1)2(K - k) < (K - 2)(k - 1)2/2 (**) 
which yields K < 2k -- 2. 
Now consider any two disjoint lines y and y’. Let p, q be any two distinct 
points of y and p’, q’ any two distinct points of y’. Then in quadrangle 
(p, q, p’, q’) we see that either pp’ misses qq’ or pq’ misses p’q, but not both, 
and thus we obtain a pair of disjoint lines meeting both y and y’. Therefore, 
there are (3” such unordered pairs of disjoint lines. Now let us order in some 
way the lines meeting both y and y’. That is, let Zi , i = I,..., k’ be the k2 
distinct lines which meet both y and y’. Let ni be the number of lines meeting 
y and y’ and missing zi . Then 
since this summation counts exactly twice every unordered pair of disjoint 
lines meeting both y and y’. 
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Further let rii, j = I,..., k - 2 be the k - 2 points of zi not lying on 
either y or y’, and let mij be the number of lines passing through rii which 
meet both y and y’. Then 
k-2 
1 (rnij - 1) f IQ = (k - 1)2, 
j=l 
C C (mij - I) = k2(k - 1)‘/2, 
i=l j=l 
k2 k-2 
2z zl mij = k2(k2 - W. 
Now let sh, h = I,..., v - 2k be the points of L which lie on neither y nor 
y’, where v is the number of points of L, and let Mh be the number of lines 
passing through sh and meeting both y and y’. Then 
v-2k 
c M,, = k2(k - 2). 
h=l 
One may also verify the following: 
v-2k kz k-2 
C Mh2 = C C mij = k2(k2 - 3)/2. 
h=l izl j=l 
Now we always have average (Mh2} > (average (Mh))2. Therefore, 
k2(k2 - 3) k2(k - 2) 2 
2(v - 2k) 3 i v - 2k 1 ’ 
i.e. (v - 2k)(k2 - 3) > 2k2(k - 2)2 
But clea+ly v = K(k - 1) + 1, whence v - 2k = (K - 2)(k - 1) - I, 
which implies 
(K - 2)(k - l)(k2 - 3) 3 (k2 - 3) + 2k2(k2 - 4k + 4) 
= 2k4 - 8k3 + 9k2 - 3, 
(K - 2)(k2 - 3) > 2P - 6k2 + 3k + 3, 
9k- 15 
K>2k---4+ k2-3. 
Recall that K < 2k - 2. If k = 3, then K = 4, which implies that L is the 
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affine plane of order 3, a contradiction, since the affine plane of order 3 is of 
type (1). Therefore k > 4 by lemma 4. So we may conclude that K > 2k - 3 
and further that K = 2k - 3 implies k > 8. Now let us count in two different 
ways the incidences between the points not lying on a line x and the lines that 
are disjoint from x for any arbitrary line x of L. Denoting the number of 
lines disjoint from x by m, , we have 
m& = (v - k)(K - k) = (K(k - I) + 1 - k)(K - k). 
Hence 
(K(k-l)+l-k)(K-k)-Kz(k-l)+K-K-Kzmodk, 
whence k / K(K - 1). If K = 2k - 2, then k ( 6 and k > 4, which imply 
k = 6, K = 10. On the other hand K = 2k - 2 implies that we have equality 
in (**), which in turn implies that ai = (k - 1)/2 for all i, and in particular 
that k = 6 is odd, which is absurd. If K = 2k - 3, then k 1 12 and k 3 8, 
which imply k = 12, K = 21. But from (*) we see that (k - 1)2(K - k) 
should be even, which it is not. This final contradiction establishes the lemma. 
LEMMA 7. If L is a type { 1, 3) jinite linear space, k the cardinality of the 
non-projective lines, and m the cardinality of any point lying on exactly one 
projective line, then k - 1 is a divisor of m - 1. 
Proof. Let x be a projective line of L (guaranteed by lemma 6). Clearly we 
can find two distinct points p, 4 of x through which pass only one projective 
line (cf. lemma 3). Let y, y’ be non-projective lines passing through q which 
both meet a non-projective line z passing throughp, at points r, r’ respectively. 
We will now show that y, y’ meet the same set of lines passing through p. For 
suppose z’ is a line passing through p and meeting y at s (see figure 4). Clearly 
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r’s meets x since x is projective. Thus in quadrangle (p, q, r’, s) we get 
ps = z’ meeting qr’ = y’, implying that y, y’ meet the same set of lines 
passing through p. Hence the m - 1 non-projective lines passing through p 
may be partitioned into disjoint subsets of k - 1 lines each using the point q. 
This establishes the lemma. 
LEMMA 8. If L is a type { 1, 3) finite linear space, there are at least two 
projective lines. 
Proof. In view of lemma 6 we need only show that L cannot have precisely 
one projective line. So for purpose of contradiction suppose that L does have 
only one projective line X. Let K be the cardinality of x and k that of the other 
lines. The points not lying on x have cardinality K, whence II = K(k - 1) + 1, 
where v is the number of points in L. Let m be the cardinality of the points 
of x. Then v = K + (m - l)(k - 1). Therefore (K - m)(k - 1) = K - k. 
Let p be a point not lying on x and let pq and pq’ be two distinct lines. Of 
the k - 1 points of pq’ different from p, one has cardinality m and the rest 
have cardinality K. Therefore, by lemma 5 we see that 
K--2 2ai(k - 1 - ai) 
c k-l 
= (k - 2)(K - k) + m - k, 
i=O 
where the al are as defined in the statement of lemma 5. We can maximize the 
above summation by setting ai = (k - 1)/2 for all i. Then 
i.e. 
(K - 2)(k - 1)‘/2 3 (k - I)((k - 2)(K - k) + m - k), 
K(k - 1) d 2(K - m) + 2(k - 1)2. 
By multiplying this inequality by k - 1 and recalling that (K - m)(k - 1) = 
K - k we obtain 
K(k2 - 2k - 1) < 2k3 - 6k2 + 4k - 2, 
from which it follows that K < 2k - 1. Then by lemma 7 we have either 
m = k or m = K, both of which contradict (K - m)(k - 1) = K - k in 
view of lemma 4. 
LEMMA 9. Let L be a type { 1, 3) jinite linear space with k the cardinality 
of the non-projective lines. Zf x, y, z are three non-projective lines concurrent 
at a point p, then for every point q E z with q # p there are (k - 1)/2 lines 
diflerent from z passing through q and meeting both x and y. 
Proof. The proof of this is contained as a part of the proof of lemma 10 
below. 
46 JIM TOTTEN 
LEMMA IO. If L is a type (1, 3: finite linear space, K the cardinality of the 
projective lines and k that of the non-projective lines, then K = 2k - 1. 
Proof. Let x, y, z, p, q be defined as in the statement of lemma 9. Let q’ 
be any point of x different from p. Denoting by Zi , i = I,..., K - 3 the 
non-projective lines passing through p different from x and z, and by ai the 
number of points r i p, r E zi such that qr meets pq’ = x, we see by lemma 5 
that 
K-3 2ai(k - 1 - a.) 
c 2 = (k - l)(K - k). 
i=l k-2 
Again we can maximize the summation on the left by setting ai = (k - 1)/2 
for all i, which yields 
i.e. 
(K - 3)(k - 1)2/2 > (k - 2)(k - l)(K - k), 
K(k - 3) < (2k - l)(k - 3). 
Therefore, if k # 3 we see by lemmas 4 and 7 that K = 2k - 1. Thus for 
any k 3 3 it is clear that the above inequalities are all equalities, in particular 
that ai = (k - 1)/2 for all i. Since y = Zi for some i, we have proved lemma 9. 
To prove lemma 10 it is now sufficient to prove it for k = 3. 
Now let X, y, z be (the) three projective lines concurrent at p. Let q1 , q2 E x, 
rl , r2 E y, sl , s2 E z be selected so that (qi , ri , si) are collinear for i = 1,2 
and so that qlrl is disjoint from q2r2 . Let s3 = q1r2 n z and s, = q2r, n z 
(see figure 5). From quadrangle (ql , q2 , rl , r2) we see that sQ # sq , and it is 
FIGURE 5 
clear that s 3 , sp $ {sl , s2}. Let r, = q1s4 n y and r, = q2s3 n y. From quad- 
rangle (ql , q2 , s3, sq) we see that r, # r4 and it is again clear that r3, r4 $ 
{rl , r21. Let q3 = r3s3 n x and qa = r,s, IT x. As above we have q3, 
q4 I {ql , q& and by quadrangle (rQ , r, , s3 , s4) we have q3 # q, . Thus 
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{qiri 1 i = 1, 2, 3, 4) is a set of 4 pairwise disjoint lines. Let us now list the 
collinearities that we have: 
The following collinearities may be obtained from the corresponding 
quadrangle: 
collinearity quadrangle 
q3 T r2 , s4 (413 93 3 $3 9 $4) 
q4 , rl y s3 (42 9 q4 9 33 9 $4) 
q2 p r3 y s1 (a , q2 , rl , r3) 
q1 , r4 , s2 (a j q2 , r2 p r4) 
q3 y r4 y s1 (q2 9 q3 , r3 , r4) 
q4 , r3 , sg (41 p q4 , r3 , r4> 
q3 , r1 , s2 kl, 4 3 , rl , r4) 
q4 , r2 y s1 (q2 y q4 , r2 y r3) 
Thus the lines qlrl and qerz “generate” (not using the projective lines) precisely 
the 12 points qi , ri , si , i = 1, 2, 3, 4. Also q4r3s, is disjoint from qIrls, and 
this pair of lines “generates” the same set of 12 points. Let us consider the set 
of K - 3 lines passing through s2 and missing qlr, . With each of these lines 
we could carry out the above construction, thereby “generating” 3 points on 
x distinct from p and from ql . One also sees that each of these points is 
“generated” by qlr, together with either of precisely two lines passing through 
s2 and missing qIr, . Therefore 3(K - 3) = 2(K - 2), from which we see 
thatK=5=2k-1. 
LEMMA 11. If L is a type { 1, 3) finite linear space with the cardinality of 
the non-projective lines equal to 3, then L is obtainedfrom the$nite projective 
plane of order 4 by deleting two lines together with all their points except their 
intersection point. 
Proof. The collinearities contained in the proof of lemma 10 may be 
easily transformed to an incidence matrix. It is then an easy matter to 
mechanically verify the lemma. 
sWa127/1-4 
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LEMMA 12. Let L be a type (1, 3) finite linear space. If (ql , q2 , q3 , q4) 
is a quadrangle with 3 diagonal points such that q1q2 and q9qJ are projective 
lines, then the diagonal points are collinear. 
Proof. Let p be the meet of the projective lines, let q5 be the meet of 
q1q3 and q2q4 , and let qs be the meet of qlqa andpq, (see figure 6). We must 
FIGURE 6 
show that q2 , q3 and qs are collinear. In quadrangle (ql , q2 , q5 , qs) we have 
q1q5 meeting q2q6 at p’. Now let r be any point of q1q6 , but r # p’. We 
will show that rqd meets qzqs . Note first that this is trivially true if r = qI 
or r = q5 . So suppose that q1 # r # q5 . Then in quadrangle (q* , q5 , q6 , r) 
we have rq, meeting qbq5 at s and in quadrangle (ql , q2 , qa , r) we have rq, 
meeting qlqd at t. Then in quadrangle (q2 , qd , qs , r) we obtain rq4 meeting 
q2q6 . This implies that there are k - 1 lines passing through qJ that meet 
both q2qs and q1q5 and that do not pass throughp’. Since q2q6 and qlqs are 
both clearly non-projective, we cannot have qap’ being non-projective by 
lemma 9. This implies that p’ = q3 , from which it is immediate that q2, 
q3 and qs are collinear. 
LEMMA 13. A linear space in which every line has finite cardinality is in 
fact a finite linear space unless there is an intnite number of quadrangles with 
no diagonal points. 
Proof. This lemma is not difficult and is proved in [l]. 
3. PROOF OF THEOREM 
If L is a linear space obtained from the projective plane 17 of order 4 by 
deleting two lines and all their points except their intersection point, then L is 
unique since (as is well known) the full automorphism group of 17 is transitive 
on the triples of non-collinear points. That it is of type (1, 3) has already 
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been shown in lemma 1 I. So now let L be a type (1, 3) linear space with all 
lines having finite cardinality. Then lemma 13 implies that L is a finite linear 
space. Let K be the cardinality of the projective lines and k that of the non- 
projective lines. Now let us restrict ourselves to a linear space L’ consisting 
of the points lying on 3 fixed projective lines of L and the lines induced by 
these points. Clearly L’ contains at least one quadrangle. Given any quad- 
rangle Q of L’, at least one pair of its points lies on a projective line of L 
(which remains projective in L’) and thus Q has at least one diagonal point 
in L’. Now suppose Q has at least 2 diagonal points in L’. If one of the 
points of Q is p, the point in common to the three projective lines, then Q 
has 3 diagonal points in L’. (Note that this also demonstrates the existence 
of a quadrangle in L’ with 3 diagonal points). Ifp $ Q, then Q must be of the 
form (ql , q2 , q3, q4) where qlq2 and q3qa are projective, whence p is a diag- 
onal point of Q. Let p’ be the second diagonal point of Q. Obviously Q is 
also a quadrangle in L and as such has a third diagonal point in L. Lem- 
ma 12 implies that the 3 diagonal points are collinear, that is, that the third 
diagonal point lies on the linepp’, whence it is also in L’ and we see that Q 
has 3 diagonal points in L’. In L’ there are lines of two different cardinalities, 
namely 3 and K = 2k - 1 3 5, implying that there are at least two distinct 
lines of cardinality 3 that miss each other, whence we have at least one 
quadrangle with fewer than 3 diagonal points. From the above arguments 
we may conclude that L’ is a type {I, 3) finite linear space with the cardinality 
of the projective lines equal to K and that of the non-projective lines equal 
to 3. Lemma 10 then implies that K = 5, which further implies that L = L’. 
The proof is then compIete when one applies lemma 11. 
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